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In this article, we propose a study of the implications of Horndeski’s theory pa-
rameters on AdS/BCFT correspondence. In order to carry out this investigation, we
introduced a Gibbons-Hawking surface term with terms dependent on γ associated
with the term Horndeski. On the gravity side, Horndeksi’s gravity has a solution for
the black hole BTZ and we investigate the impact generated by the α/γ parameters
for the thermodynamics of this black hole as well as its effects in the fluid/gravity
correspondence.
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2I. INTRODUCTION
In the last few years, investigations involving AdS/CFT correspondence have given great
support to the dynamics of tightly coupled condensed matter systems, especially in the study
of the universal limits of the transport coefficients [1–7]. One of these universal limits is the
known shear viscosity [4, 5] which is conjectured based on holographic bottom-up models.
We recently discussed the impact of Horndesdi’s theory parameters to study the behavior
of the viscosity-entropy ratio, which provided us that for some common substances: helium,
nitrogen and water, the ratio is always substantially greater than its value in dual gravity
theories [8], that is, η/s > 1/(4π) and that for unconventional superconducting systems,
the entropy viscosity/density ratio is η/s < 1/(4π) which violates the KSS limit [4]. In
addition to this, the violation of this limit made it possible to probe the violation of thermal
conductivity in Horndeski’s gravity as discussed by [9]. In this way, Horndeski’s gravity has
given remarkable support in the violation of the transport coefficients [8–10]. For holographic
scenarios, the properties of Horndeski’s theories for a general coupling constant, using the
a-theorem in Horndeski’s gravity, showed that there are critical points and the a-theorem is
established [11]. In such a prescription, we have that the Horndeski scalar can be performed
as a holographic flow of RG.
In addition, from the AdS/CFT correspondence, another contour theory has drawn at-
tention in the study of holographic transport coefficients where these transpote coefficients
were presented by [12–14]. This theory was proposed by Takayanagi [15]. Where the idea
behind this theory is an extension of the AdS/CFT correspondence [16–19], to which we
add a Gibbons-Hawking boundary term [20] and this prescription became known as Theory
of Conforming Frontier Fields (BCFT) and correspondence became known as AdS/BCFT
[12–15, 20]. Motivated by the recent applications of AdS/CFT correspondence in the Horn-
deski scenario, we propose a study of the impact of the parameters of this theory in the
AdS/BCFT scenario. Thus, a Gibbons-Hawking surface term for Horndeski’s gravity is
necessary, which was recently introduced by [21].
As Horndeski’s theory involves additional degrees of freedom, which are scalar fields
[22], we have to contour the conditions for the scalar field, telling us that it must fall
fast enough near the limit (i.e., reaches zero or a constant), close to the limit [3, 22]. In
this sense, Neumann boundary conditions or Dirichlet boundary conditions can be imposed
3for free scalars [23–26]. In this work, we will investigate the implications of Horndeski’s
parameters for the entropy of a BTZ black hole, where we have a high-temperature phase in
the "bulk" that is described by the BTZ black hole. The entropy of this black hole involves
the contributions of "bulk" and the outline we will discuss the holographic g-theorem where
we have gUV > gIR. This condition is established based on Horndeski’s parameters. In the
fluid/gravity correspondence we will investigate the implications of Horndeski’s parameters
for fluid regimes. In this duality there is an equivalence between the gravitational dynamics
in bulk and equations of motion of the theory of double fields in the hydrodynamic regime. In
addition, we have that the connection resides in the definition of gravity of the limit voltage
energy tensor, which is used in fluid/gravity correspondence and is therefore equivalent to the
Neumann limit condition for the metric [14]. Thus, we can adopt a fluid/gravity structure
to probe the effects of Horndeski’s parameters on the AdS3/BCFT2 problem. This work is
summarized as follows. In Section II, we present the total action with the boundary term
[21] for the scenario of Horndeski [8, 22]. In the Section III, we consider a BTZ black hole
and find the Q contour profile. In the Section IV, although the scalar field is constant at the
boundary, we can still assess the impact of Horndeski’s parameters through the γ = −α/Λ we
can discuss the implications of Horndeski’s parameters on the black hole’s thermodynamics
and g-theorem. In Sec. V motivated by the works [13, 14] we present a boundary fluid
from AdS/BCFT and discuss the implications of the Horndeski parameters. Finally, in the
Section VI, we present our conclusions.
II. THE SETUP
In this section, we will present the outline systems for Horndeski’s gravity. Thus, as
discussed by [15, 20] for the construction of boundary systems we need to add a Gibbons-
Hawking surface term. In addition, this Gibbons-Hawking surface term for the Horndeski
γ-dependent gravity scenario was proposed by [21]. Motivated by these works, we propose
4a total action as follows:
S = SN + S
N
m + SQ + S
Q
mat + Sct
=
∫
N
d4x
√−gLH + Sm + 2κ
∫
bdry
d3x
√
−hLbdry + 2κ
∫
Q
d3xLmat + Sct (1)
LH = κ(R− 2Λ)−
1
2
(αgµν − γGµν)∇µφ∇νφ (2)
Lbdry = (K − Σ) +
γ
4
(∇µφ∇νφnµnν − (∇φ)2)K +
γ
4
∇µφ∇νφKµν (3)
Lct = c0 + c1R + c2RijRij + c3R2 + b1(∂iφ∂iφ)2 + ... (4)
Where φ = φ(r) and we define a new field φ
′ ≡ ψ and κ = (16πG)−1. In the action N
the field has dimension of (mass)2 and the parameters α and γ control the strength of the
kinetic couplings, α is dimensionless and γ has dimension of (mass)−2 [8, 22]. Lmat is a
Lagrangian of possible matter fields on Q and Lbdry term corresponds with γ-dependent
terms are associated with the Horndeski term [21]. In the bulk action where Kµν = h
β
µ∇βnν
is the extrinsic curvature and the traceless is given by contraction K = hµνKµν and h is
the induced metrics on the hypersurface Q [13–15, 20]. Furthermore, Sct is the boundary
counterterm that is necessary for asymptotic AdS spacetime. In this way, by imposing the
Neumann boundary condition instead of the Dirichlet one, we obtain the boundary condition
Kαβ − hαβ(K − Σ) + γ
4
Hαβ = κS
Q
αβ (5)
With
Hαβ = −
2√−h
δSK,φ
δhαβ
(6)
SQαβ = −
2√−h
δIQ
δhαβ
; IQ =
1
κ
∫ √
−hLmat (7)
In our case we impose the Neumann boundary condition considering IQ[matter] = constant
[15] for the second term in the total action (1), which imply that the SQαβ = 0 [13–15, 20],
so we can write
Kαβ − hαβ(K − Σ) + γ
4
Hαβ = 0 (8)
5On the gravitational side for Einstein-Horndeski gravity we have
Eµν [gµν , φ] = S
Q
αβh
α
µh
β
νδ(r) (9)
Eφ[gµν , φ] =
1√−h
δSbdry
δφ
(10)
With
Eµν [gµν , φ] = Gµν + Λgµν −
α
2κ
(
∇µφ∇νφ−
1
2
gµν∇λφ∇λφ
)
(11)
− γ
2κ
(
1
2
∇µφ∇νφR− 2∇λφ∇(µφRλν) −∇λφ∇ρφRµλνρ
)
− γ
2κ
(
−(∇µ∇λφ)(∇ν∇λφ) + (∇µ∇νφ)φ+ 1
2
Gµν(∇φ)2
)
− γ
2κ
[
−gµν
(
−1
2
(∇λ∇ρφ)(∇λ∇ρφ) +
1
2
(φ)2 − (∇λφ∇ρφ)Rλρ
)]
,
Eφ[gµν , φ] = ∇µ[(αgµν − γGµν)∇νφ]. (12)
We can see that as SQαβ = 0, we have to Eµν [gµν , φ] = 0.
III. BTZ BLACK HOLE
We will now present some necessary boundary conditions to work with the equation (8)
to investigate the incorporation function represented by y(r) [13–15, 20]. In that way, let’s
consider the black hole BTZ in three-dimensional shape
ds2 =
L2
r2
(
−f(r)dt2 + dy2 + dr
2
f(r)
)
(13)
A condition that deals with static configurations of black holes, which can be spherically
symmetric for certain Galileons, which was presented by [27] to discuss the no-hair theorem.
However, in order to escape this no-hair theorem, we have to keep the radial component
of the conserved current disappearing in an identical way without restricting the radial
dependence of the scalar field:
αgrr − γGrr = 0. (14)
6Thus, for this condition we have Eφ[gµν , φ] = 0. Thus, we have to φ
′
(r) ≡ ψ(r), providing
the annihilation of ψ2(r), regardless of its behavior on the horizon. Thus, we have that
the metric function f(r) can be found using the equation (14). It can be shown that the
equation Eφ[gµν , φ] = 0 is satisfied by the following solution
f(r) =
αL2
3γ
−
(
r
rh
)2
, (15)
ψ2(r) = −2L
2κ(α + γΛ)
αγr2f(r)
. (16)
these equations satisfy both Eφ[gµν , φ] = 0 and Eµν [gµν , φ] = 0 e this fact confirms that we
can assume fields of generic matter on the sides of the boundary Q and on the gravitational
side. In addition, looking at the equation (15), we have α/(3γ) = L−2 which is defined as
an effective radius of AdS [28] where the solutions can be asymptotically dS or AdS for the
following conditions α/γ < 0 and α/γ > 0, respectively. In this way, we can write that
γ = −α/Λ and that point gives us a constant scalar field φbdry =constant, this fact is in
full agreement with the fact that the scalar field must fall sufficiently fast near the limit (ie
it reaches zero or a constant), near the limit [3, 22]. The dual BCFT temperature is given
by TBCFT = 1/2πrh. We can see that this condition for a constant scalar field, we have a
reduction of Horndeski’s gravity to Einstein’s gravity, and the equation (8) has been reduced
to the usual case. Furthermore, the conditions Eφ[gµν , φ] = 0 and Eµν [gµν , φ] = 0 implies
that we have a full agreement with the total variation of the stock, that is, the variation of
δS, will imply the individual variation of each term. Thus, we can analyze the Q limit for
this condition, as we know that the normal vectors and the induced metric can be presented
as
nµ =
(
0,
r
Lg(r)
, 0,−rf(r)y
′
(r)
Lg(r)
)
(17)
ds2 =
L2
r2
(−dt2 + dx2 + g2(r)dr2) (18)
We can see that g2(r) = 1 + y
′2(r)f(r) and y
′
(r) = dy/dr. So, solving the equation
Kαβ − hαβ(K − Σ) = 0 (19)
7For, the equations (11,12), we have
y
′
(r) =
(ΣL)√
1− (ΣL)2
(
1−
(
r
rh
)2) (20)
This equation can be solved and we obtain as a solution:
y(r)− y0 = rh sinh−1
(
r(ΣL)2
rh
√
1− (ΣL)2
)
(21)
where we can introduce ΣL = cos(θ
′
) with θ
′
where the angle between the positive direction
of the y axis and the hypersurface Q [13, 14]. Performing an expansion around r → 0 and
assuming y0 = 0, we can write that y(r) = r cot(θ
′
).
IV. IMPLICATIONS OF THE HORNDESKI PARAMETERS TO BLACK HOLE
THERMODYNAMICS AND g-THEOREM
In this section we will present the implications of Horndeski’s parameters for the black hole
thermodynamics and the g-theorem. So, let’s start by first investigating BCFT’s equilibrium
thermodynamics for the BTZ black hole. So, let’s consider the entropy calculation for the
BTZ black hole, so we start with the Euclidean action given by IE = Ibulk + 2Ibdry for
spacetime according to [14, 15], i.e.,
Ibulk = −
1
16πGN
∫
N ′
d3x
√
g(R− 2Λ)− 1
8πGN
∫
M
d2x
√
γ(K(γ) − Σ(γ)), (22)
where gµν is the metric on the bulk N
′
. γ and Σ(γ) are the induced metric and the surface
tension on M , respectively. K(γ) is the trace of the extrinsic curvature on the surface M .
On the other hand, for the boundary we have
Ibdry = − 1
16πGN
∫
N
d3x
√
g(R− 2Λ)− 1
8πGN
∫
Q
d2x
√
h(K − Σ), (23)
8Computing the Euclidean action and for r = rh we can have that y(zh) − y(z0) =
zharc sinh cot(θ
′
), that is, ∆y
′
= zharc sinh cot(θ
′
), we can write that
IE = −
L∆y
8rhGN
− L∆y
′
2rhGN
(24)
With the entropy given by the equation
S = − ∂F
∂TH
= −∂(THIE)
∂TH
, (25)
S =
L∆y + 4L∆y
′
4rhGN
=
A
4GN
. (26)
F = THIE = −
L∆y + 4L∆y
′
16πr2hGN
(27)
E =
L∆y + 4L∆y
′
8πr2hGN
(28)
The equation (26,28) satisfy the thermodynamical relation F = E − THS where A =
L∆y+4L∆y
′
4rh
is the total area of the AdS, in this sense the equation (26) satisfies the en-
tropy of Bekenstein-Hawking. We can see that as L = 1/σ2 where σ2 = α/γ, we have that
the parameters of Horndeski add limitations in the storage of information, this information
is delimited by the area of the black hole BTZ. Thus, when an object such as a black hole
captures mass it can be forced to undergo a gravitational collapse and the second law of
thermodynamics insists that it must have less entropy than the resulting black hole, this
fact implies that σ2 →∞ with α/γ →∞ very large, we have that the entropy decrease. So,
for contour entropy:
Sbdry =
1
2σ2GN
arc sinh
(
Σ
σ2
)
= Carc sinh
(
Σ
σ2
)
; C = 1
2σ2GN
(29)
where we can see that the boundary entropy is Sbdry = 0 for σ
2 → ∞ with α/γ → ∞ and
in that sense the boundary conditions can be preserved [15]. An interesting aspect of the
AdS/CFT conjecture is that for this duality infrared-IR divergences in the AdS correspond
to ultraviolet-UV regimes on the CFT side. Thus, we have that this relationship is called
the IR-UV connection. Thus, we have that α/γ → 0 represents a UV divergence for the
boundary. And in this way we can establish the C-theorem, which establishes that the
central charges decrease the flow of RG [29, 30], however, for the BCFT case, we have
9that the analogous quantity is the g holographic function [15, 20]. Now let’s address this
holographic g theorem, for which we have
Sbdry = ln g(r) =
1
2σ2GN
arc sinh
(
y(r)
r
)
(30)
Taking the derivative, we have
∂ ln g(r)
∂r
=
y
′
(r)r − y(r)√
r2 + y2
. (31)
We can see that for y
′
(r)r − y(r) negative, it disappears at r = 0 and y′′(r) ≤ 0 leads to
(y
′
(r)r−y(r))′ = y′′(r) ≤ 0. Thus, we have that the g-theorem is established in our scenario.
Note that we can choose y(r) so that g(r) can flow from gUV to gIR and in that sense we
can have gUV > gIR. Furthermore, as g = e
Sbdry for (α/γ → 0)UV the g function grow up,
we have gUV and for (α/γ →∞)IR the g function decreases [30].
0 100
0
Σ
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FIG. 1: The partition function gdS/AdS > 0 indicates that we have a region where the entropy for
both a dS and AdS phase is positive S > 0. So, we have an upper limit on the radius of the black
hole [22].
V. IMPLICATIONS OF HORNDESKI PARAMETERS IN BOUNDARY FLUID
In this section, we present the hydrodynamical quantities where for the boundary fluid
from AdS/BCFT correspondence, we have that on the hypersurface Q, which the stress-
energy tensor residing on it is defined through the variation of the action with respect to
induced metric on Q [13–15, 20]. However, we have that the renormalization procedure [32]
10
leads to the following form of stress-energy tensor Tab as
Tαβ = −
L
rκ
[
Kαβ − hαβ(K − Σ) +
2√−h
δSct
δhαβ
]
(32)
Here Sct is the counter term action, which we will add in order to obtain a finite stress
tensor. However, neglecting Sct, we have
Tαβ = −
L
rκ
[Kαβ − hαβ(K − Σ)] (33)
Thus, we can write the pressure and energy density by mean the equations:
ǫ = 1
2κr
[
2Σ
σ2
+ (rf
′
(r)−4f(r))y
′
(r)−4f2(r)y
′
3(r)+2rf(r)y
′′
(r)
(1+f(r)y′2(r))3/2
]
(34)
p = 1
2κr
[
−2Σ
σ2
+ (4f(r)−rf
′
(r))y
′
(r)
(1+f(r)y′2(r))1/2
]
(35)
Here the stress-energy tensor can at all describe hydrodynamical quantities, where f(r) = 1
is in according to [14] for empty AdS-space, providing ǫ = −p, in this case as we have that
Tab describes an energy dominated universe. however, as expected these hydrodynamical
quantities diverge as r → 0. Thus, for a finite temperature, we have for a general Σ that
r → 0 is an asymptotic regime. Apparently, this is a restriction on the profile y(r). In
addition, choosing Σ = σ2 removes divergences from the UV, that is, we have the so-
called holographic renormalization. Although empty AdS-space imply an energy dominated
universe, we can see that through the regime (α/γ → 0)UV , we have
ǫ→ Σ
κr
, (36)
p→ − Σ
κr
. (37)
The scenario described by the equations (36,37) represent an energy dominated universe with
ǫ = −p without consider f(r) = 1, this is an advantage of implications of the Horndeski
parameters for the fluid/gravity correspondence.
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VI. CONCLUSION
In this article, we show the implications of Horndeski’s gravity parameters for the
AdS/BCFT correspondence. An interesting fact is that the no-hair-theorem helps us with
consistent conditions for the boundary condition of Dirichlet and Neumann. Where the real-
ity condition delimits that −∞ < γ ≤ α/(−Λ), where the case Λ = −α/γ reduces the BTZ
solution with an escaped scalar field [22, 31]. This condition provides us that Horndeski’s
gravity is reduced to Einstein’s gravity in the construction of the AdS/BCFT, we have that
these parameters provide us with the central frontier load. Furthermore, for AdS3/BCFT2,
we have that the partition function, which is interpreted as the g function, shows us a full
agreement for the g-theorem in which the holographic flow is, in fact, an IR to UV connec-
tion, providing gUV > gIR. Thus, as we show the function that interpolates the two central
charges in two CFTs, which are connected by an RG flow, it is the g function that is our
boundary entropy.
Note that when calculating the free energy of BCFT, its entropy, and internal energy,
they satisfy the thermodynamic relationship F = E − THS. However, as the free energy
F < 0 implies global stability, that is, we have a positive specific heat c > 0, where we have
a system with local stability [22]. On the other hand, c > 0 suggests a higher value of the
mass of the black hole and is therefore at least locally stable. In this sense, if the black
hole captures mass it can be forced to undergo gravitational collapse and the second law of
thermodynamics insists that it must have less entropy than the resulting black hole. this
fact fully agrees with the fact that the increase in the α/γ ratio increases so that α/γ →∞
decreases the entropy of the black hole.
However, as our partition function gdS/AdS provides us with a transition from dS to
AdS this fact indicates that we can have a holographic dark energy model that can be
provided by the fluid/gravity duality. Thus, in this model, we can have the dual to a larger
Schwarzschild-AdS black hole and we can use this fluid/gravity duality, which relates the
parameters of such a black hole to a cosmological model. In the fluid/gravity duality, we
show that (α/γ → 0)UV , provided ǫ = −p, in this case as we have that Tab describes an
energy dominated universe, which has the following equation of state as ω = p/ǫ = −1
where we can have this description without considering the case of empty AdS. This energy
that dominated the universe is the Holographic Dark Energy [33] with a perfect fluid, which
12
has energy density ǫ and pressure p. Such fluid can be considered as a generalization of
Chaplygin Gas, such a result is predicted for a Horndeski subclass [34]. However, for sectors
other than what is being treated here in this work, which is models of Kinetic Gravity Braid
with symmetrical displacement, the fluids are imperfect, with zero vorticity and without
dissipation. However, having some encoded diffusivity [35].
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